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Abstract

This paper addresses the problem of designing a submodule of a given system of
communicating input/output FSMs. The problem may be formulated mathematically by the
equation COX=A, where C represents the specification of the known part of the system, called
the context, A represents the specification of the whole system, X represents the specification
of the submodule to be constructed, ¢ is a composition operator and £ is the trace equivalence
relation. The set of solutions to the equation ‘(if they exist) can be represented as a subset of
the set of D-reductions of a proper nondeterministic FSM. The algorithm for finding this
nondeterministic FSM is based on the use of a chaos machine and the construction of a
machine which separates the permissible and the forbidden traces. After removing all the
forbidden traces, we obtain the sought-after machine. Due to the existence of livelocks, some
reductions of the obtained machine are not solutions to the equation since their composition
with the context can not be modeled by an FSM. If there are no livelocks, the set of solutions
to the equation coincides with the set of D-reductions of the obtained machine and then we
can characterize all the solutions.

1 Introduction

In designing a complex system, the designer often uses stepwise refinement techniques where
the specification is decomposed into interacting modules such that the behavior of the
modules in composition is equivalent to the behavior of the overall system specification. The
problem of submodule construction arises in this context; it consists of constructing the
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specification of a submodule X when the specification of the overall system and of all
submodules except X are given. Approaches to the construction of a submodule specification
based on the LTS model have been presented in [Merlin 83, Qin 91, Lin 95]. Here, we
consider this problem in the context of the input/output Finite State Machine model (I/O
FSM). The direct application of an approach based on the LTS model is not possible since the
solutions obtained are not in general /O FSMs. We have to add constraints on the
environment behavior to obtain the system's behavior in the form of an I/O Finite State
Machine.

We consider the following problem. Given two deterministic I/O FSMs A and C that
represent respectively the behavior of a desired system and the behavior of an existing
subsystem called the context, we would like to determine if there exists an I/O FSM X which,
combined with the context C, exhibits the behavior of A. We show in this paper that the set of
solutions can be represented as a subset of all reductions of a specific nondeterministic I/O
FSM. Any reduction of this nondeterministic I/O FSM is a candidate solution, i.e. if its
composition with the context does not contain livelocks then it is a solution.

This paper is structured as follows. In Section 2, we define basic notions. Section 3
presents the architecture of the composition of the components followed by the method of
determining the set of candidate solutions for a submodule. We conclude in Section 4.

2 Basic notions and definitions
An input/output nondeterministic finite state machine (FSM), often simply called a machine
throughout this paper, is an initialized Mealy machine which can be formally defined as
follows. An NFSM A is a 5-tuple (S, X, Y, h, so), where S is a non-empty finite set of states
with 5o as the initial state, X is a non-empty finite set of input symbols, Y is a non-empty
finite set of output symbols and # is a total behavior function A: SXX — P(SXY)\{@}, where
P(5xY) is the powerset of SXY [Starke 72].

Given two states s and p, input x and output y, if (p, y)€ k(s, x) then we say that there
is a transition from s to p with the input x and output y. Such a transition is denoted s-x/y->p.

The FSM A is called an observable machine, if I{s'l (s',y)€ h(s,x) }I<1 holds for all (s,
x)e SXX and all ye Y [Starke 72]. This means, in observable machines, a state and an I/O
sequence uniquely determine the next state. The machine A becomes deterministic when IA(s,
x)I=1 for all (s, x)e SXX. In a deterministic FSM, instead of the behavior function, we can use
two functions: the next state function 6, and the output function A.

We extend the behavior function to a function & of the FSM A on the set X* of input
sequences containing the empty sequence € (for convenience we use the same notation % for

the extended function, as well, since in our discussion, this does not imply any ambiguity),



i.e., h: SxX* — P(SXY*)\{@}. Assume h(s, €) = (s, €) for all se S, and suppose that A(s, ) is
already specified. Then
h(s, B)={(s", yy) | 3 s"€ S [(s", V) €h(s, P) &(s', y)€ h(s", )]}.
The function A1 is the first and 42 is the second projection of 4, i.e.
hl(s, @)= {s'13 yeY* (s, 7) € h(s, @)},
h2(s,d)={yl3s'eS (5", ) eh(s, A)}.
AnNFSM B=(5, X, V, h, so) is called a submachine of A if 5, Y=Y and A(s, x)ch(s,

x) for all (s, x)e s XX.

The equivalence relation between two states s of the FSM A=(S, X, Y, h, so) and ¢ of
the FSM B=(T, X, Y, H, t), written s=t, holds iff (h%(s, ot)=HZ(t, @) for each o € X*,
otherwise, the states are not equivalent. The FSMs A and B are said to be equivalent if their
initial states are equivalent, otherwise they are nonequivalent. The equivalence relation
between FSMs is sometimes called trace equivalence. The traces of a machine are
input/output (I/0) sequences accepted by its initial state. Equivalent machines exhibit
identical behaviors, i.e. they execute the same traces.

A state t of the FSM B=(T, X, Y, H, to) is said to be a reduction of a state s of the
FSM A=(S, X, Y, h, so), written f<s, iff Voo e X* ( HX(t, &) < h%(s, @), otherwise ¢ is not a
reduction of s, written #£s. The FSM B is said to be a reduction of A, B<A, iff the initial state
to of B is a reduction of the initial state s of A. Otherwise, B is not a reduction of A, B£A. If
B is deterministic and B<A, then B is called a D-reduction of A.

A Labeled Transition System (LTS) is a quadruple I=(S, L, T, so), where S is a non-empty
finite set of states with s¢ as the initial state, L is a non-empty finite set of observable actions
and TcSX(L U{ 7}) XS is a transition relation where 7 is a non-observable action. We denote
Tr(so) the set of traces of I, that is the set of sequences of observable actions of /.

The parallel composition of two LTSs I1=(S1,L1, T1, so1) and 12=(52, L2, T2, 502)
without internal actions, written 11 Il 2, is the LTS I =(S1%S2, L1UL2, T, (so1, so2 )), where
T is defined as follow :

-aeLiNLy N (s1,a,51)eT1 N(s2,a,52)eT2 > ((s1,52),a,(s'1,s2)eT

-aeLI\L1NL2 A (s1,a,s51)eT1 > Vs2€82,((s1,52),a,(s'1,s2)eT

-aeD\L1NL2 N (s2,a,52)eT2 > Vs 1€81,((s1,52), a,(s1,82)eT

Let o=ul...uk € U* and B=z1..zk €Z*, we denote by a3 the sequence u1z1...ukzk.
Let 6e(XUY)*, we denote by Prx(0), the projection of 6 over X that is obtained by deleting
each action that is not in X.

Given an FSM A=(S, X, Y, h, so), we say that a deterministic LTS (§’, XUY, T, so1)
corresponds to A, if Tr(so1)={ a>B | oc X* & Pe hz(so, o)}. An LTS corresponding to A can



always be obtained by unfolding each atomic transition s-x/y->s' into two consecutive
transitions s-x->s”-y->s'. We denote the corresponding LTS by I4 =(S', XUY, T, so).

3 The design of a submodule

3.1 A compound system

Many compound systems can be described as a composition of several components.
We use here the composition of two communicating components, connected as shown in
Figure 3.1 to discuss problems related to the design of a component of a compound system.
For the sake of simplicity, we assume that the sets X, X', U, Z, Y and Y’ of actions are pairwise
disjoint. Actions in XUX' are controlled by the environment and only actions in YUY’ can be
observed. Note that this composition represents, in fact, many different compositions,
assuming that each composition has at least one external input, one external output; while
each component must have an input, as well as an output.

We consider the class of systems which can be represented by two FSMs that
communicate asynchronously. One FSM, called a component machine Comp, represents the
behavior of a certain component of the system (the submodule to be designed), while the
other machine, called a context C, models the remaining part of the system.

X‘ +X‘
YJ ¢ Y

Figure 3.1: The composition of two communicating components C and Comp

The composite system cannot be specified as an FSM if its environment does not
obeys a proper I/O ordering constraint. Specifically, a next external input xe XUX' is only
submitted to the system after it has produced an external output ye YUY" in response to the
previous input. Formally, such an environment can be modeled by the LTS shown in Figure
3.2,

x1, x2, x'1, x"2

Figure 3.2: Example of an environment E




The collective behavior of the system of two communicating FSMs C and Comp in
such an environment, can be described by means of a global LTS and an FSM denoted
C0Comp (if it exists). The former describes the behavior in terms of all actions within the
system including internals actions, whereas the latter describes the observed behavior in terms
of external inputs and outputs only.

We define in this paper, the so-called global LTS, which represents the joint behavior
of the environment and the composite system, as the LTS I lIComp IIE where IC is the
LTS corresponding to the context C, IComp is the LTS corresponding to the component
Comp and IE is the LTS corresponding to the environment E. The composite system accepts
an external input only when it is at a stable state, i.e. when the LTS /£ is in the state Open.

x1l/ul  x2/yl

z12  z2/y2
Figure 3.3: The LTS IC and the context C

To illustrate the computation of the global LTS, we consider the following example.
Consider the context C and the component Comp in Figures 3.3 and 3.4. We construct the
global LTS represented by the graph in Figure 3.5.

: ul/y'l  u2/z2

x'1/y2 x2/z1
Figure 3.4 : The component Comp and the LTS IComp

Based on the global LTS, the FSM C0Comp, can be obtained provided that there are
no livelocks, i.e. cycles labeled only with internal actions. All the internal actions in the

global LTS are declared nonobservable actions and the obtained LTS is determinized. The
FSM C0 Comp is then obtained by pairing inputs with the subsequent outputs.



State of -
o & 1 Open State of Ig

Stable state

State of Icomy
Figure 3.5: The global LTS

The FSM (0 Comp obtained from the global LTS (Figure 3.5) has a single state as
shown in Figure 3.6.

x1/y'l _ x2/yl

x'1/y2 x"2/y2
Figure 3.6: The composed FSM

3.2 The set of candidate solutions to the equation

Given two deterministic FSMs, A over alphabets XUX' and YUY", and C over alphabets XUZ
and YUU, we wish to find all deterministic solutions over alphabets X'UU and Y'UZ to the
equation COComp =A with Comp being a free variable.

A deterministic FSM B over alphabets X'UU and Y'UZ is said to be a solution to the
equation COComp= A iff the FSM COB exists and it is equivalent to A.

Asynchronously communicating FSMs significantly differ from synchronously
interacting machines. In response to an external input, asynchronously communicating
machines in a feedback composition may involve into a sequence of interactions before they
produce an external output. The number of interactions varies for different global states and
inputs, opposed to synchronous systems executing just a single interaction in each global
state. For synchronous systems with feedback, in the case where the sets X' and Y in Figure
3.1 are empty, the set of permissible behaviors to the equation (if not empty), where a



permissible behavior is one represented by a solution, can be represented as the set of
reductions of a specific nondeterministic FSM [Watanabe 93, Aziz 95].

We use a chaos machine (Figure 3.7), defined by Ch=({ch}, X'UU, Y'UZ, H, ch),
where H(ch, v)={(ch, w) | weY'UZ} for all veX'UU. The chaos machine represents all the
traces over the input alphabet X'UU and the output alphabet Y'UZ, it contains all possible

behaviors of the component machine to be designed.
%1, %2, ul,u2

x'1,x'2,ul,u2/y'l, '2 zl1,z2 C:L @
@1: YL.yZ 2122

Figure 3.7: The chaos machme and the LTS Iy,

A trace X§ of the chaos machine, is forbidden w.r.t. an external sequence
oe(XUX')* iff any FSM with the I/O sequence /6 combined with the given context C
exhibits a behavior different from that of the FSM A w.r.t. the input sequence «; otherwise the
trace is permissible w.r.t. . In order to classify traces into forbidden and permissible, we
construct the global LTS Ic lIch IIE and we complete I4 by adding, for each state with an
outgoing transition labeled with ye YUY, transitions to the deadlock state labeled with all
elements of (YUY")\{y}, then the obtained LTSs are composed and the resulting LTS is
denoted I4,C. We hide in 14 ¢ the external inputs and outputs of the context and we derive
the LTS PA,C over alphabet X'UUUZUY" that characterizes all the forbidden traces. Any
forbidden trace BX5 w.r.t. at least one external input sequence ¢ has a prefix in the LTS P4 ,C
that takes the LTS to the deadlock state. The next step is to transform the LTS P4 C into an
FSM, denoted [[A,C]], where all the I/O sequences corresponding to forbidden traces take
[[A,C]] from the initial state to the special FAIL state. The last step is to derive from [[A,C]] a
machine (if it exists), denoted by [[A,C]]f, that contains only permissible traces. Any solution
of the equation CO Comp <A is a reduction of [[A,C]] £ but [[A,C]] f may have reductions that
are not solutions because their compositions with C can not be modeled by an FSM due to
livelocks. Any reduction of [[A,C]] fis an FSM over input alphabet X'UU and output alphabet
Y'UZ without forbidden traces; we call such an FSM a candidate solution.

If the set of D-reductions of an FSM G coincides with the set of solutions to the
equation CO Comp =A then G is called the largest solution.

3.2.1 Construction of [[4,C]]
We present a method for constructing [[A,C]] and illustrate it using our example.
Step 1. Construct the global LTS Ic lIc, IIE of the context and chaos machines in the

environment E (Figure 3.8).



b chl Wait

Figure 3.8 : The global LTS IcllIcp lIE.

Step 2. For each state of the LTS 4 with an outgoing transition labeled with ye YUY", add
transitions from this state to the deadlock state (a state without outgoing transitions) labeled
with each element of (YUY')\{y}, and denote the augmented LTS by IA (Figure 3.9).
Construct the composition of the global machine I IIcp IIE and ia (Figure 3.10), denoted
by IA,C, to compare traces of the global machine with those of [A. The idea behind
augmenting I4 is to represent in I4, C all the forbidden traces of the component to be
designed.

x1/y'l__x2/y1

x'1y2 x72/y2
Figure 3.9 : The machine A and the LTS f4.

Proposition 3.1. Given a trace a=0a1y over alphabet XUX'UUUZUYUY’, & takes I A, C to the
deadlock state iff ¢ is a trace of the global LTS I lIcp IIE and PryyUy(a1)y’, with y#y', is
the output sequence produced by the FSM A in response to PrxyUx'(o).



Figure 3.10 : The composition I4, C

In other words, a trace of the LTS I4, C taking it from the initial state to the deadlock
state represent a trace of the global LTS whose projection over the alphabet of A is not a trace
of A. Here we notice that Proposition 3.1 holds only for deterministic FSMs A and C since we
assume that each machine produces exactly one output sequence to any input sequence. Our
next step is to construct the LTS PA ¢ which is the (X'UUUZUY")-projection of 14, ¢ and
characterizes the traces that take it from the initial state to the deadlock state.

Step 3. Derive the LTS that represents the projection of traces of /4 C over the alphabet
XUUUY'UZ, i.e. declare all the actions xe X and yeY as nonobservable actions and
determinize the obtained LTS. If a subset of states of the determinized LTS comprises a
deadlock state of I4 C then we declare this state a deadlock state. The obtained LTS is
denoted PA C.

Proposition 3.2. A trace « takes the LTS PA,C to a deadlock state iff there exist a trace o] of
IA,C such that a=Prx'UyUy'Uz(@1), and the trace o takes the LTS I4 C to the deadlock
state.

Figure 3.11 : The LTS PA C



In fact, the traces that take the LTS PA ( from the initial state to the deadlock state
represent all the forbidden traces of the component machine to be designed.
Step 4. Based on the LTS PA C, construct the FSM [[A,CTI=(S, X'UU, Y'UZU {fail}, h, so)
with failg Y'UZ. The set of states of [[A,C]] includes all the states of PA,C that have an
outgoing transition labeled with an action in X'UU, a FAIL state representing the deadlock
state of PA,C and a special state TRAP. If there are transitions sj—v—sj—o>w—sk in the LTS
PA,C where ve X’'UU and we Y'UZ then there is a transition si—>v/w—sk in the FSM [[A,C]].
The FAIL state has looping transitions for every element of X'UU with the output fail. Any
undefined transition is considered as a don't care transition and we use a TRAP state similar to
[Unger 69] to formally specify "don't care" situations. In reality, these transitions are not
executed in the composition with the given context.

u2/z1 u2/22,y'1

Figure 3.12 : The machine [[A,C]], the transitions leading to the TRAP state are not shown.
Proposition 3.3. Given sequences fe(X'UU)* and 6e(Y'UZ)*, the FSM [[A,C]] has the I/O

sequence [¥§ iff any proper prefix of the trace Bx6 that is a trace of the LTS P4, does not

take PA C from the initial state to the deadlock state.
Proposition 3.4. Given a deterministic FSM B over alphabets X'UU and Y'UZ such that the
machine COB exists, the FSM COB is equivalent to A iff B is a reduction of [[A,C]].
Proof.
Let A = (S, XUX', YUY, 6, A, so) and COB = (P, XUX', YUY, A, A, po).

First part. (€ )

If the FSMs COB and A are not equivalent then there exists an input sequence o.e(XUX") such
that A(so, @)2A(Po, @), i.e. A(so, ®)=y1...yj-1yj and A(po, @)=y1...yj-1j with Jj#y;. Let B1j
be the trace executed by the global LTS Ic llIB lIE when « is applied to the initial state of
COB. Due to Proposition 3.1, the trace 81 Jj takes the LTS I, C to the deadlock, i.e. the trace
PrxUyuyuUzZ(B1{ j) takes the LTS PA C to the deadlock (Proposition 3.2), and by
construction of the FSM [[A,C]] (Step 5), the /O sequence Prx'Uy(B1)/Pry'Uz(B1Jj) takes
the FSM [[A,C]] to the FAIL-state.

10



Therefore, the FSM B cannot be a reduction of the FSM [[A,C]] w.r.t. any prolongation of the
input sequence Prx'Uy(B1) since the FSM [[A,C]] at the state FAIL produces the output
failg Y'UZ to any input ve X'UU.

Second part. ( >)

If B is not a reduction of [[A,C]] there exists an I/O sequence V/u of B that is not an I/O
sequence of the FSM [[A,C]]. Therefore, there exists a proper prefix f/yof v/ such that the
trace Bixytakes the LTS PA, ¢ from the initial state to the deadlock state (Proposition 3.3), i.e.
there exists a trace & of 14, ¢ such that fxy=Prx'UyUyUZ(£), and the trace £ takes the LTS
IA,C to the deadlock (Proposition 3.2). Let £=&1y, then & is a trace of the global LTS ICl/B
IIg and PryyUy(&1)y' is the output sequence of the FSM A produced in response to
PrxuUx' (&), such that y=y' (Proposition 3.1).

Thus, the FSMs COB and A are not equivalent w.r.t. the input sequence PrxUx’(&). O

3.2.2 Deleting the fail output

We are interested in the problem of finding the set of candidate solutions to the equation COX
~A that can be represented as the set of D-reductions of a machine over alphabets X'UU and
Y'UZ, while the FSM [[A,C]] has the output alphabet Y'UZ\({fail}. Our next step is to remove
from the output set of [[A, C]] the superfluous output fail preserving the set of deterministic
reductions over alphabets X'UU and Y'UZ of the FSM [[A, C]].

Speaking more generally, we are facing the following problem. Given an FSM K=(S,
V, W', h, so) and a subset W of its output alphabet W', we need to construct a submachine D of
K over the output set W such that the sets of D-reductions over the alphabets V and W of the
two FSMs K and D coincide.

Let B be a D-reduction of K. Then for each state ¢ of B there exists a state s of K such

that 7 is a reduction of s. By this reason, if we delete from K each state s for which there is no
state b of a deterministic FSM over the output alphabet W such that b<s, and delete each
transition such that its output is not in W, the resulting submachine will preserve all reductions
of K over alphabets Vand W. A question arises which properties should have a state s of K in
order not to admit a state b of any deterministic FSM over the output alphabet W such that
b<s.
Definition 3.1. Given an FSM K=(S, V, W', h, so) and a set WC W', a state s of K is said to be
an W(1)-redundant state if there exists an input ve V such that h2(s, v)"\W=@. Suppose we
have determined all the W(k)-redundant states for k>0. A state s of K is said to be W(k+1 )-
redundant if it is W(k)-redundant, or there exists an input ve V such that all the states in hl(s,
v) are W(k)-redundant. The state s is said to be W-redundant if there exists an integer k such
that it is W(k)-redundant.

11



Since the set S of states of K is finite there exists some k < |S| such that the sets of
W(k)-redundant and W(k+1)-redundant states coincide. We denote & the set of W-redundant
states of K.

Proposition 3.5. Given an FSM K= (S, V, W', h, 5¢), WCW', and a state s of K, if there exists
a deterministic FSM B =(Q, V, W, 6, A, qo) and a state g of B such that g<s then sisnota W-
redundant state of K.

Proof

1. If there exists a state g of an FSM B such that g<s, then the state s is not W(1)-redundant.

2. Assumption of induction. Let the statement of Proposition 3.5 holds for all integers less
than k, k=1, i.e. if a state of B is a reduction of the state s then the state s is not W(k-1)-
redundant.

3. Suppose now that the state s is W(k)-redundant and there exists a state g of a deterministic
FSM B such that g<s. Then there exists an input ve V such that for every output we W the state
hl(s,v) (f it exists) is W(j)-redundant, j<k. Since q is a reduction of s then the state g'=&gq, v)
of B should be a reduction of the state hl(s,v), where w=A(g,v)e W. The latter contradicts the
assumption of induction. Thus, if g is a reduction of the state s then s is not W(k)-redundant
for any k, i.e. s¢ S [

Proposition 3.6. Given an FSM K = (S, V, W', h, s0) and a set WcW', let S be the set of all
W-redundant states of K. If so€ S then there is no reduction of K over the output set W.
Otherwise, the submachine D =(S\5, V, W, A, so) of K, such that A(s,v) = h(sy)\[{(s'W)
w'e W u{(s',w)l s'e g }1, for each (s,v)e(S\SA')xV has the same set of D-reductions over
alphabets V and W as the FSM K.

Proof

If so€ S then there is no state b of any deterministic FSM over the output alphabet W such that
b<sq (Proposition 3.5), and therefore, the set of reductions of K with the output set W is
empty. If sog 5 then, by definition of the set 5 , the set ﬁ(s, v) is not empty for each
(s,v)e (S\§’)><V. Moreover, by construction of ﬁ, ﬁ(s,v);(S\§)xW. Thus, D is a submachine of
K.

LetB=(Q,V, W, 4, 4, qo) be a D-reduction of K and w]...wk be the output sequence of B to
the input sequence v1...vk applied in the initial state. The state 6(qo, v1 ...Vj) is a reduction of
the state h‘lvl__'wj(so » v1...vj) for each j=l1,...,k, i.e. the state hfvln_w(so » V1...Vj)€ S
(Proposition 3.5). Thus, (6(go, V1..-v}), Wj )€ (so, v1...v}), and B is areduction of D. [T

Proposition 3.6 implies the following algorithm for reducing the FSM [[A, C]] with
the output alphabet Y'UZU{fail} to an FSM with the output alphabet Y'UZ that has the same
set of D-reductions over alphabets X'UU and Y'UZ as [[A, C]].

12



Figure 3.13 : The machine [[A, C]]f, the transitions leading to the TRAP state are not shown.

Algorithm
Input: The FSM [[A,C]] = (S, X'V U, Y'UZu {fail}, h, so).
Output: A submachine [[A, C]]fof [[A, C]] over the output alphabet Y'UZ with the same set
of D-reductions over alphabets X'UU and Y'UZ as [[A,C]] if such D-reductions exist.
Step 1. Determine the set $ of Y'UZ-redundant states of [[A, C1]. If soe & then the FSM [[A,
C]] has no D-reductions over the output alphabet Y'UZ, and the procedure terminates;
otherwise Step 2.
Step 2. For each (s, v)e (S\§)><X VU, H(s, v) is obtained from k(s, v) by deleting every pair (s,
w) such that s'e Sor we Y'UZ. The obtained machine [[A, C]] f =(S\ §, X'ulU, Y'UZ, ﬁ, so) has
the same set of D-reductions over alphabets X'UU and Y'UZ as the FSM [[A, C]].

The validity of the above algorithm is stated in the following theorem.

Theorem 3.1. Given deterministic FSMs A and C, if the machine [[A, C]] fexists then the set
of candidate solutions to the equation COX=A coincides with the set of D-reductions of [[A,
Cllf
In the case when the machine [[A, C]] £ does not exist, there is no solution to the

equation COX=A. When the [[A, C]] £ exists, two cases are possible. In the first case, the LTS
IclIA, C1 fIII E does not contain livelocks, i.e. there are no cycles labeled only with internal
actions in UUZ. In this case, every D-reduction of [[A, C]]fis a solution to the equation COX=
A, and [[A, C]]f is the largest solution to the equation. In the second case, the LTS I I A,
Cll fll IE has livelocks. Here we have two possibilities :

1- every D-reduction F of [[A, C]]f is not a solution since COF does not exist due to

livelocks in IC IIF I IE (see Example 1, Figure 3.14).

2- the set of solutions to the equation COX=A is a subset of the set of D-reductions of [[A4,

Cllf (see Example 2, Figure 3.15 and Figure 3.16).
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Example 1

z1, z2/ul x1, z1/y1

x1/y1

x2/y1 x2/y2

x1/y2

Figure 3.14 : The machines A, C and the LTS IC IlIch IIE.

The [[A, C]]f machine obtained is the chaos machine. The machine COF does not
exist for any D-reduction F of [[A, C]]f since after any possible output in response to u1 in
the initial state of F, the compound system enters a livelock for an appropriate external input

X.

Example 2
We use the same machine A as in Example 1 and the context C shown in Figure 3.16.

zl, z2/ul

x1, z2/y2 ul/zl ul/z2 ul/zl
p sl mari) u2/z2 2/z1 2/z1
22/2 -Q 21702

x1, z1/y1 x2/y2
Figure 3.15 : The machines C, F1, F2 and F3.

The [[A, C]]f machine obtained is again the chaos machine, however its D-
reductions F'1 and F are solutions, while the D-reduction F3 of [[A, C]] £ is not a solution. In
this example, the largest solution does not exist since for any I/O sequence of [[A, C]] | f we can
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find a D-reduction F which is a solution and includes this I/O sequence. Consider the FSM B,

in Figure 3.16:

ul/z2 u2/zl
Figure 3.16 : The machine By,.

The FSM By, is a reduction of [[A, C]]f and the LTS IllIByIl/E has no livelocks.
Thus, every D-reduction of By, n>1, is a solution to the equation COX=A. Consider now any
I/0 sequence over alphabets U and Z of length m. It is an I/O sequence of the FSM Bj;,+2 and
if we choose a D-submachine F of By;+2 having this I/O sequence then F is a solution to the
equation COX=A. Therefore, if a largest solution G exists, we have G<[[A, C]lfand [[A, C]If
£G, but if we remove any trace from [[A, C]]f we loose some solutions. This implies that

there is no largest solution in this case.

4 Conclusion

We have presented in this paper an approach to solve the problem of submodule construction
in the realm of the Finite State Machine model. This problem may be formulated
mathematically by the equation COX=A, where C represents the specification of the known
part of the system, A represents the specification of the whole system, X represents the
specification of the submodule to be constructed, ¢ is a composition operator and £ is the
trace equivalence relation. The set of solutions to the equation (if they exist) can be
represented as a subset of the set of D-reductions of a proper nondeterministic FSM. The
algorithm for finding this nondeterministic FSM is based on the use of a chaos machine and
the construction of a machine which separates the permissible and the forbidden traces. After
removing all the forbidden traces, we obtain the sought-after machine.

Due to the existence of livelocks, some reductions of the obtained machine are not
solutions to the equation since their composition with the context can not be modeled by an
FSM.

If there are no livelocks, the set of solutions to the equation coincides with the set of D-
reductions of the obtained machine and then we can characterize all the solutions. In this case,
we can be interested in finding a particular solution for the implementation that optimizes a
given criterion. Different criteria can be used for this optimization. The first possible criterion
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might be the number of states, in this case, we have to construct a D-reduction of the largest
solution with the minimal number of states [Drissi 98]. Others criteria could be the design of a
component "easy" to test or having a minimal number of outputs or a minimal number of

internal interactions.
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